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Abstract

Regularization is necessary when solving inverse problems to ensure the well-
posedness of the solution map. Additionally, it is desired that the chosen regularization
strategy is convergent in the sense that the solution map converges to a solution of the
noise-free operator equation. This provides an important guarantee that stable solutions
can be computed for all noise levels and that solutions satisfy the operator equation in
the limit of vanishing noise. In recent years, reconstructions in inverse problems are
increasingly approached from a data-driven perspective. Despite empirical success,
the majority of data-driven approaches do not provide a convergent regularization
strategy. One such popular example is given by iterative plug-and-play (PnP) denois-
ing using off-the-shelf image denoisers. These usually provide only convergence of
the PnP iterates to a fixed point, under suitable regularity assumptions on the denoiser,
rather than convergence of the method as a regularization technique, thatis under van-
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ishing noise and regularization strength. This paper serves two purposes: first, we
provide an overview of the classical regularization theory in inverse problems and
survey a few notable recent data-driven methods that are provably convergent regu-
larization schemes. We then continue to discuss PnP algorithms and their established
convergence guarantees. Subsequently, we consider PnP algorithms with learned linear
denoisers and propose a novel spectral filtering technique of the denoiser to control
the strength of regularization. Further, by relating the implicit regularization of the
denoiser to an explicit regularization functional, we are the first to rigorously show
that PnP with a learned linear denoiser leads to a convergent regularization scheme.
The theoretical analysis is corroborated by numerical experiments for the classical
inverse problem of tomographic image reconstruction.

Keywords Inverse problems - Variational regularization - Data-driven learning -
Plug-and-play denoising

Mathematics Subject Classification 47A52 - 46N10 - 65F22

1 Introduction

Inverse problems deal with the estimation of an unknown model parameter x* € X
from its noisy and indirect measurement y® € ¥ given by

v = Ax* +e. 1)

We consider the case where X and Y are (potentially infinite dimensional) separable
Hilbert spaces and A : X — Y is a bounded linear operator. X and Y are endowed
with inner products (-, -) x and (-, -}y, inducing the norms |- || x and || - ||y, respectively.
The measurement noise level is bounded by 4, i.e., ||e||y < é. The clean measurement
is denoted by y°.

The inverse problem in (1) is considered ill-posed in the sense of Hadamard, if
either injectivity or surjectivity of the forward operator, or stability of the solution
map is violated. For instance, if A is a compact operator with an infinite-dimensional
range, then surjectivity and stability are not satisfied. This is, for example, the case
for the ray transform operator that underlies many applications in medical imaging,
such as computed tomography (CT) and positron emission tomography (PET) [35,
36]. The study of inverse problems usually assumes ill-posedness, as we will also do
in the following.

To address ill-posedness, one needs to introduce a general concept for stable and
unique solvability for an inverse problem of the form (1). Due to the aforementioned
ill-posedness, we can not guarantee the recovery of the true solution x* for all mea-
surements and hence we first need the concept of a generalized solution. A common
approach is to search for solutions that are closest to the measured data with respect
to a suitable data discrepancy term f : Y x ¥ — R, such as the (squared) distance
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in the norm, i.e., f(Ax, y%) = ||Ax — y‘3||%. Then we search for X € X such that
f(AX,y®) < f(Ax,y®) forallx € X. )

(2) implies that X is closest to the measured data with respect to f, which deals with
the violation of surjectivity by disregarding components of y® in the co-kernel of A.
Furthermore, if A has a non-trivial null space, then X is not unique. To obtain a unique
solution, one can define the minimum norm solution as

xf = arg mi)r{1{||x||x : x minimizes f(Ax, y‘s)}. 3)
XE

The element x™ can now be considered a desirable generalized solution to (1). When
f and || - || x are given by the squared L?-norm, we call x the least-squares minimum-
norm solution and can define a mapping A" : ¥ — X, such that x* = ATy?. In
fact, the mapping AT defines what is referred to as the Moore-Penrose pseudo-inverse.
Unfortunately, if the operator A is compact, then AT will be unbounded and as such
does not take care of the stability problem in the presence of noise in the data. This is
where the concept of regularization becomes important, as we will discuss next.

Regularization theory considers specifically designed solution maps to deal with
the stability issue. Such a solution map R(-; A) : ¥ — X, also called a reconstruction
operator, is expressed as a parametric map that produces a solution estimate of x*
given y®. Here, the parameter A depends on the noise level § and the measured data y°,
which we denote explicitly by the mapping A = A(8, y%). In this paper, we are specif-
ically interested in the notion of convergent regularization which can be understood
as convergence of the reconstruction operator when the noise level § tends to zero.
More specifically, we want that when the noise level § — 0, then A (3, y‘s ) — Ap >0,
and the reconstruction operator R(y®; A) converges to a generalized solution of the
noiseless operator equation

Ax = 0. “4)

A family of such reconstruction operators R (y?; 1) can be formulated in the framework
of variational regularization (see Sect.2.1.3 for more details) by defining them as the
mapping to the minimizer of a variational energy function

F(Ax, Y)) + rg(x). Q)

Here, the first term ensures data consistency as in (2) and the second term acts as the
regularizer to make the problem well-posed. It is often the case (although not always)
that f is convex and smooth in x, while the regularizer g is convex but potentially non-
smooth, e.g., sparsity-promoting regularizers involving the L'-norm [6]. Therefore,
to compute a minimizer of the variational problem, one utilizes non-smooth convex
optimization algorithms to iteratively estimate the solution map R(y®; ). In particular,
proximal splitting schemes are often used, such as forward-backward splitting (FBS),
also referred to as proximal gradient descent, and the alternating directions method
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of multipliers (ADMM), which involve applying the proximal operator of g (see (21)
for definition) in each iteration to refine the solution. For instance, the FBS scheme
iteratively updates the solution as

Xip1 = prox, o (xx — 0 V f(Axi. )., (6)

starting from an initialization xo, where 7 is the step-size and prox; , is the proxi-
mal operator of A g(x) (see (21) for definition). Note that (6) retains the modularity
of the variational framework, in the sense that the proximal operator enforces prior
knowledge about the image and its argument depends entirely on the forward operator
and the fidelity loss. This decoupling of the fidelity and the prior in proximal splitting
algorithms forms the basis of the so-called plug-and-play (PnP) denoising algorithms.

The PnP approach, pioneered by Venkatakrishnan et al. [49], noted that the proximal
step can be interpreted as a denoising step and suggests replacing the proximal operator
with an off-the-shelf (Gaussian) image denoiser. While the initial PnP methods utilized
classical model-based denoisers (such as BM3D, non-local means, KSVD with a
learned basis, etc.), more recent PnP schemes have leveraged deep denoisers that
outperform their classical counterparts in terms of denoising quality.

Figure 1 shows a comparison of the performance of variational regularization meth-
ods and PnP methods on an image deblurring task. We compare linear reconstructions
(corresponding to a quadratic regularization functional and linear denoiser) in (b)
and (e) and non-linear reconstructions (with a non-quadratic regularization functional
and non-linear denoiser) in (c) and (f). Notwithstanding the impressive empirical
performance of data-driven PnP algorithms for imaging problems, their analysis as
a convergent regularization scheme has largely remained unaddressed [15, 33]. In
this paper, we address the question of convergent data-driven regularization, provide
a survey of existing approaches and establish a convergence result for learned PnP
denoisers, based on a linearity assumption of the denoiser (corresponding to the set-
ting of (e) in Fig. 1) and a novel spectral filtering to control regularization strength.
Organization and contributions: We will first review classical approaches to reg-
ularization in Sect.2 and why inverse problems necessitate a generalized notion of
solvability. We will then continue to discuss how this classical approach can be com-
bined with modern data-driven methods. In particular, we will devote special attention
to plug-and-play (PnP) approaches in Sect. 3. We discuss, that depending on the reg-
ularity of the denoiser, different convergence guarantees of the PnP iterations can be
established, such as fixed point [41] and objective convergence [22, 34]. Neverthe-
less, there is still a gap in the literature on whether PnP can provide a convergent
regularization for general denoisers.

In Sect.4 we will provide an important step forward to fill this gap and consider
PnP algorithms with data-driven linear denoisers. We propose a novel spectral filtering
technique to control the regularization strength of the denoiser, which allows us to
establish that PnP with a learned linear denoiser leads to a convergent regularization
scheme. More specifically, we prove that in the limit as the noise vanishes, the PnP
reconstruction converges to the minimizer of a regularizing potential subject to the
solution satisfying the noiseless operator equation (4). In the numerical experiments
we examine the spectral filtering approach for the classical inverse problem of X-ray
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(b) H!, PSNR 25.1 dB  (c) TV, PSNR 25.3 dB

(d) data, PSNR 22.1 dB  (e) PnP}, PSNR 25.7 dB  (f) PnP,;, PSNR 26.3 dB

Fig. 1 Image reconstruction with different regularizers from images corrupted by Gaussian blurring. The
data in (d) is generated by convolving the ground-truth image (a) with a Gaussian kernel and adding white
Gaussian noise. b and ¢ correspond to variational reconstructions with the H ! seminorm, gx) =|Vx ||%,
and total variation (TV) seminorm, g(x) = ||Vx||, respectively. On the other hand, e and f represent plug-
and-play (PnP) reconstructions (see Sect.3) with a linear denoiser and non-linear gradient-step denoiser
respectively. For b and ¢ the regularization parameters were chosen to optimize the peak signal-to-noise ratio
(PSNR). Both b and e correspond to linear reconstructions, whereas ¢ and f are non-linear reconstructions

tomography and show that the proposed method does indeed provide a numerically
verifiable convergent regularization. Finally, in Sect. 5 we provide concluding remarks
and discuss directions forward.

2 Regularization for Inverse Problems and Data-Driven Methods

Regularization theory has been a rich and successful field in inverse problems for sev-
eral decades. The primary motivation is to formulate a well-posed and stable inversion
procedure that converges provably to a solution of the noiseless operator equation (4).
The emergence of data-driven methods has given the field of inverse problems a new
direction: by using large quantities of data we can significantly improve reconstruction
results. However, the underlying question of a convergent regularization remains: does
the obtained reconstruction solve the underlying operator equation?
Indeed, there exist a few methods that are provably convergent regularization meth-
ods, we refer to [33] for a survey. In the following, we will give a short overview of the
Eo [y
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regularization theory and existing data-driven approaches that are provably convergent
regularization methods in this context.

2.1 Classical Regularization Theory

Stable solutions to inverse problems need a way to handle varying noise levels. For
this purpose, the concept of regularization has proven highly useful. Roughly, regular-
ization can be understood as a convergence requirement to a unique solution, e.g., the
minimum norm solution x ¥, where convergence depends on the noise level 8. That is,
formally we consider the previously discussed reconstruction operator R, := R(-, A),
which provides a parameterized family of continuous operators R : ¥ — X. The
parameter A depends on the noise level § > 0, where || 8 — 30 < 8 and y0 := Ax*
denotes noise-free data. We say that the family of reconstruction operators is a conver-
gent regularization method if there exists a parameter choice rule A = A(8, y®) such
that reconstructions x° := Ris,v%) (y®) converge to the solution x* := ATy? given by
the pseudo-inverse as noise vanishes, in the sense that

lim sup ||x‘s — xT”X =0 as limsup{A($, y‘s)} =0. 7
§—0 §—0

In other words, we have point-wise convergence of the reconstruction operators to
the pseudo-inverse, i.e., R, ya)(y‘s) — ATy as § — 0. We refer interested readers
to [16] for a detailed discussion. This is, of course, quite restrictive and only consid-
ers convergence to the least-squares minimum-norm solution. Nevertheless, this can
already be used as an important tool to design learned regularization methods, i.e.,
learned reconstruction approaches that formally satisfy the above convergence criteria,
as we will discuss in the following.

2.1.1 Direct Regularization

Motivated by the convergence to the pseudo-inverse solution, one can obtain a reg-
ularization method by mimicking the construction of the pseudo-inverse. In finite
dimensions, this can be achieved by the singular value decomposition (SVD) A =
USV T of the forward operator. The pseudo-inverse can then be simply obtained by
A" = VSTUT, where S is the transposed singular value matrix with inverted singular
values. A regularization method is now obtained by filtering the singular values with
a noise-dependent filter function, or a noise level-dependent truncation.

Similarly, direct reconstruction methods that apply a regularized inverse of the
forward operator can be shown to be convergent regularization methods. The most
prominent example of such methods is the filtered back-projection (FBP) for X-ray CT,
which is, in fact, still relevant in clinical practice. Here, the filtering operation removes
high-frequency components in Fourier space to regularize the reconstructions. If the
filtering is interpreted as a noise-dependent mollifier, one obtains the general class of
approximate inverse [44] with convergence as noise vanishes.

A popular approach in data-driven methods is to formulate a learned reconstruction
operator as the composition of a regularized reconstruction operator R, : ¥ — X
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with a data-driven component Cy : X — X. That is, the reconstruction operator
is parameterized as Rg,j) := Cy o Ry, where the data-driven component Cy, usu-
ally parameterized using a deep convolutional neural network (CNN), is designed to
improve the reconstruction by removing noise or undersampling artifacts [23, 26].
These approaches are also popularly referred to as post-processing methods.

Such one-step post-processing approaches are especially popular due to their sim-
plicity, as Cy can be efficiently trained when supervised pairs of high and low-quality
reconstructions are available. Unfortunately, there are very few results on recon-
struction guarantees for such methods. Specifically, the problem formulation as a
composition of a regularized reconstruction followed by the data-driven component
causes the reconstruction to often violate the so-called data-consistency criterion.
That is, even if the data-fidelity f ((A o R,\) (v%), %) is small, it does not necessarily
imply a small value of f((A o Cy o R;)(»°), y®) corresponding to the output of the
post-processing network Cyg. Thus, such schemes do not satisfy the convergence of
the data fidelity and hence fail to be a convergent regularization strategy.

Nevertheless, as proposed in [45], this approach can be reformulated by constructing
the post-processing network as Cy = id + (id —ATA) Qg, where Qy is a Lipschitz-
continuous deep neural network (DNN) and id denotes the identity operator on X . Here,
(id — ATA) is the projection operator onto the null-space of A and hence the operator Cyg
(referred to as null-space network) always satisfies (A 0Cy oR,\) (®) = (A oRk) %),
ensuring that the output of Cy explains the observed data. More importantly, the null-
space network maintains the regularizing properties of the reconstruction method R,
and hence provides a convergent regularization scheme [45] in the sense of direct
regularization. See [7] for a recent extension of null-space networks to non-linear
inverse problems.

2.1.2 Iterative Regularization

Iterative techniques constitute another important class of regularization approach in
the classical literature [24]. Here, a regularized solution is obtained by applying early
stopping on an iterative algorithm based on a discrepancy principle. Landweber iter-
ation is a such a classical iterative regularization approach, in which iterations of the
form xp41 = xx — AT (Axy — y5) are terminated after K steps, where K is the smallest
integer such that ||Axg — y®|| < & is satisfied. Landweber iteration can be modified
to include a damping term (see [43]), resulting in iterations of the form

Xer1 = xk — AT(Axg — %) — A (e — x 0,

where x(© is an initial guess that encodes prior knowledge about the solution. The
modified iteration converges to a solution that is closest to x@, thereby introducing
further stability. Aspri et al. [5] considered the modified Landweber scheme for non-
linear inverse problems (with a forward operator F') and proposed a data-driven variant
of it by using a learned damping term, leading to an iterative regularization scheme of
the form

Xep1 =X — VFR) T(F () — %) — A2 AT (Axg — x @),
Elol:';”
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where A is a learned linear operator introduced in the damping term. The authors are
able to prove strong convergence and stability in infinite dimensional Hilbert spaces.
We refer interested readers to [5] for a detailed exposition on the learning strategy for
A and the analysis of the resulting data-driven iterative regularization approach.

2.1.3 Variational Regularization

The classical regularization theory, which defines convergent regularization by con-
vergence to the pseudo-inverse solution as defined in (7) limits possible solutions.
Therefore, one can consider more general variational approaches to inverse prob-
lems, which have been particularly popular due to their flexibility in incorporating
prior knowledge and dealing with varying noise distributions. In the variational reg-
ularization framework, solutions are computed by minimizing a composite objective
consisting of the data-consistency term and a regularization term. In particular, the
solutions are given by

R(y*; 1) € argmin f(Ax, y°) + Ag(x). 8)
xeX

The loss functional f : ¥ x ¥ — R™ measures data fidelity and is not restricted
anymore to be the squared L?-norm. The regularization functional g : X — R encodes
prior belief about the ground-truth x* and effectively restricts the null space of A.
Here, A > 0 is a simple weighting parameter to balance between the two terms of the
composite objective in (8), but more generally could be a parameter of the functional
itself, in which case we will write g, instead. The choice of a suitable regularizer g is
governed by the need to balance two important factors: desirable analytical features and
the encoded prior belief. For instance, an analytically favorable choice is given by the
squared L?-norm, which, in combination with a squared L?%-norm for the data fidelity,
provides a closed-form solution. Unfortunately, the obtained solutions corresponding
to this choice of the regularizer will be smooth, which may not be suitable for many
imaging applications. Consequently, more advanced sparsity-promoting priors have
been favored, most commonly the L!-norm for sparse signals and total variation (TV)
for sparse gradients, i.e., piece-wise constant functions. These regularizers are non-
differentiable and hence need more advanced non-smooth optimization techniques
to compute a minimizer [6], but they typically lead to a better reconstruction than
the simple squared LZ-norm-based regularization. See the top row of Fig.1 for a
comparison of some handcrafted regularizers in the context of the inverse problem of
image deblurring.

Notably, the role of the two terms in (8) is conceptually similar to the general formu-
lation in (3) of a minimum-norm solution. Nevertheless, the variational formulation
provides more flexibility and also necessitates a broader concept of regularization.
This is because we can not always guarantee convergence to the minimum-norm solu-
tion, but we have to consider convergence with respect to the chosen regularization
functional g [42]. The formal definition of a convergent regularization scheme is given
in Definition 1. The primary differences to the classical formulation here are, that the
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minimizer of the regularizing functional g is not necessarily unique and the regular-
ization parameter is not required to converge to 0.

Definition 1 (Convergentregularization scheme) Letx, € X be aminimizer to
the objective in (8) for a given A with data y® € Y and noise level ||y® —y0|ly <
8. Assume that there is a corresponding parameter choice rule A = A(8, y%)
such that . — Xg as § — 0. The variational model defined by (8) is then
said to converge to a g-minimizing solution if x, 5 \s) — x as § — 0. Here,
X € X solves the variational model that corresponds to (8) with noise-free
data y0 eY,ie.,

% € argmin g(x) subject to y° = A% and where A := (}in%) 18, y%). (9)
xeX =

Let us remark to this end, that it is desirable to formulate a regularizer that has
small values for the desired images, i.e., it penalizes undesired solutions but is also
analytically or computationally tractable. It is important to note at this point that
different regularizers g which provide a convergent regularization, will still produce
different reconstruction results as illustrated in Fig. 1, as not all choices of g are a
good representation of the desired ground-truth image. Here, learned regularizers have
proven very successful, as the data itself can now be used to represent the regularizer
and hence naturally offer a good representation of the desired features. Depending
on the choice of representation, analysis of the learned regularizer may become more
involved. In the following, we will discuss several choices for learned data-driven
regularizers and how these can be used within the realm of variational regularization.

2.2 Learning a Regularizer

The idea of learning a regularizer from data, rather than the classical approach of
modeling it from first principles as outlined above, has appeared in the literature in
various forms. We outline here a few such approaches, ranging from relatively older
yet widely popular ideas like dictionary learning to the more recent approaches of
learning regularizers using deep neural networks.

2.2.1 Learning Sparsity-Promoting Dictionaries

We start with the concept of dictionary learning, which nicely illustrates how data
can be used to learn a representation of the desired images. Here, we will use the
concept of sparsity, which has long been important for modeling prior knowledge of
solutions, to regularize inverse problems. Assuming that the reconstruction possesses
a sparse representation in a given dictionary D, one can develop sparse recovery strate-
gies, associated computational approaches, and error estimates for the reconstruction.
Instead of working with a given dictionary, the key idea is to learn a dictionary either
a-priori or jointly with the reconstruction. Notably, almost all work on dictionary
learning in sparse models has been carried out in the context of denoising, i.e., with
A =id.
Elol:';”
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Learning the dictionary separately to solve the reconstruction problem is usually
done using a sparsity assumption on the representation given by the dictionary. Let
Ly : X x X — R be a given loss function (e.g. the L2- or L'-norm). Further, let
X1, ..., XN € X be the given unsupervised training data, D = {¢;} C X a dictionary,

and the synthesis operator £ : € — X acting on the encoder space E given as
Ep(€) =Y ; &¢i for £ € E. One approach in dictionary learning is given by

N
(D.&) = argmin Y [Lx(xi. ER(E)) +0ll&llo]- (10)

&€eE,DcX i=1

Here, (10) is posed in terms of the L°-norm and is an NP-hard problem. This suggests
the use of convex relaxation, by replacing ||&; ||o with ||&; || in (10). This relaxation turns
(10) into a bi-convex problem (convex in each variable when the others are kept fixed)
subject to usual choices for L y, and one can apply alternating minimization approaches
for obtaining an approximate solution. Seminal work on sparse dictionary learning
includes the K-SVD approach [2], geometric multi-resolution analysis (GMRA) [3],
and online dictionary learning [30]. See also [40] and references therein for a thorough
discussion on sparse dictionary learning approaches.

While dictionary learning in the context of sparse coding has been very popular
and successful, there are still several issues with it related to the locality of learned
structures and the computational effort needed, for instance when sparse coding is
performed over a large number of images or image patches. Aiming for a compu-
tationally more feasible approach, convolutional dictionaries have been introduced.
Here, the dictionary atoms are given by convolution kernels that act on signal features
via convolution and hence provide computationally feasible shift-invariant dictionar-
ies, where the atoms depend on the entire signal/image, see for instance [17].

The dictionary can also be learned jointly with the reconstruction, by formulating a
joint optimization problem. An example of such an approach is the adaptive dictionary-
based statistical iterative reconstruction (ADSIR) [52], and its variants [11, 51]. A joint
problem could be formulated as:

min D{f(Ax,y)+gx(x,51,---,§N,D)}, (1)

xeX,&e€l,

where
N
en(x, &1, ..., 8y, D) = Z [Lx (i, ERED) + A& 5] (12)
j=I

while £f) : 8 — X being the synthesis operator associated with ID.

A convergent regularization could now be obtained under suitable conditions on g;
following the variational regularization framework in Sect. 2.1.3. Finally, a formulation
in infinite dimensional spaces is studied in [9], proposing a convex variational model
for joint reconstruction and dictionary learning, that applies to inverse problems and
allows to establish existence and stability guarantees for the reconstruction.
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2.2.2 Bilevel Learning

Starting from variational regularization methods where the reconstruction operator
R,:Y — X is defined as the solution map for (8), one can formulate a generic
setup for learning selected components of (8) utilizing supervised training data and a
suitable loss function Ly : X x X — R. This setup can be tailored towards learning the
regularization functional g, [13, 14], the data fidelity term f, or even an appropriate
component in the forward operator A, e.g., in blind image deconvolution [21]. Notably,
the joint dictionary learning problem (11) can also be formulated as a bilevel learning
problem.

First, we generalize the regularizer g) consisting of a single regularization parameter
A to a set of parameters 6 (vector-valued). Subsequently, we define the reconstruction
operator as

Ro(y) := arggin{f(Ax, y)+gox)} foryeY. (13)

Given paired training data (x;, y;) € X x Y that are i.i.d. samples of the (X x Y)-
valued random variable (X, y) ~ 7joint, We can formulate the following bilevel learning
problem:

fe argmin Ex y)~rjon [Lx (Ro(¥), X)], where
0

14
Ro(y) = arg mXin{f(A(x), ¥) + go ()} ()
xe

Note that 8 is, by definition, a Bayes estimator [27, Chapter 4]: a set of parameters
that minimizes the risk over the distribution 7joint. However, the true joint distribution
Tioint 1S typically unknown and is replaced by its empirical counterpart given by the
training data, in which case aconesponds to empirical risk minimization.

In the bilevel optimization literature, as in the optimization literature as a whole,
there are two main and mostly distinct approaches. In the discrete approach, one first
discretizes the problem (13) and subsequently optimizes its parameters. In this way,
optimality conditions and their well-posedness are derived in finite dimensions. Alter-
natively, R and its parameter 6 in (14) are optimized in the continuum (i.e., appropriate
infinite-dimensional function spaces) and then discretized. It should be noted that the
resulting problems present several difficulties due to the frequent non-smoothness
of the lower-level problem (think of TV regularization), which, in general, makes it
impossible to verify Karush—Kuhn—Tucker constraint qualification conditions. This
issue has led to the development of alternative analytical approaches to obtain first-
order necessary optimality conditions [12, 20].

2.2.3 Adversarial Regularization

Another notable alternative approach to include a data-driven regularization in the
reconstruction process is to learn an explicit regularization term in (8) and solve the
Elol:';”
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variational problem subsequently. One such option is to learn adversarial regulariz-
ers as first proposed in [29] and further developed in [32]. Here, the construction of
data-driven regularization is inspired by how discriminative networks (also referred
to as critics) are trained using modern Generative Adversarial Network (GAN) archi-
tectures.

To train such an adversarial regularizer, we assume to have {x; }:’;1 € X and
{Yi}7i1 € Y, which are i.i.d. samples from the marginal distributions 7, and 7,
of ground-truth images and measurement data, respectively. It is important to note
here that the training samples are unpaired, i.e., y; does not necessarily correspond
to the noisy measurement of x;, unlike, for instance, a supervised approach such as
the learned primal-dual (LPD) method [1]. Additionally, we assume that there exists a
(potentially regularizing) pseudo-inverse AT: ¥ — X to the forward operator A and
define the measure 7wy € Px as my 1= A;(ndata) for mqaa € Py.

Then, the idea is to train a regularizer gg, parameterized by a neural network, to
discriminate between the distributions 7, and 7+, the latter representing the distribution
of imperfect solutions A'y;. More concretely, we compute

g5: X > R where 0§ € argmin L(9), (15)
6

where L(0) is chosen to be a Wasserstein-flavored loss functional [29]. In particular,
one minimizes

L(6) = Exr, (89001 — Exer, [80 001 + 4 Exz [ (IVgo 00l = 1)1 ] 16)

Here, 7 denotes the distribution of the random variable u = € x+ (1 —¢)z, where x ~
7y, Z ~ 7+, and € is drawn uniformly at random from [0, 1]. The heuristic behind this
choice is that a regularizer trained this way will penalize noise and artifacts generated
by the pseudo-inverse (and contained in my). The term penalizing the gradient norm
of gg in (16) encourages gg to be approximately 1-Lipschitz, which is required for
the well-posedness of (16) and the stability of the variational solution obtained using
the regularizer resulting from (15). When used as a regularizer, it will, therefore,
prevent these undesirable features from occurring as a result of adversarial training.
The resulting regularizer gz is called an adversarial regularizer (AR). Note that in
practical applications, the measures m,, 7y € Py are replaced with their empirical
counterparts given by training data x; and ATy;, respectively.

Suppose, one computes a gradient step on the learned regularizer, given by x, =
x—n Vxgg(x), starting fromx ~ m+. Let n: be the distribution of x,. Under appropriate
regularity assumptions on the Wasserstein distance W(n:, 7y ) (see [29, Theorem 1]),
one can show that

d
%W(n:, ) ly=0 = —Exer | VxggX)[|*.

This ensures that by taking a small enough gradient step, one can reduce the Wasser-

stein distance from the ground truth 7. This is a good indicator that using gz as
Elol:;ﬂ
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a variational regularization term and consequently penalizing it indeed introduces
the highly desirable incentive to align the distribution of regularized solutions with
the distribution 7, of ground truth samples. Further, one can show that if the AR is
Lipschitz-continuous,! then a minimizer of the following variational problem exists

FOP A% + 2 (g5 + €lxly) a7)

where the squared norm on x is needed to enforce coercivity. In this setting, conver-
gence of the regularization procedure in the weak topology of X can be ensured.

Additionally, we can enforce (strong) convexity on gy, leading to the adversarial
convex regularizer (ACR), to achieve stronger forms of convergence while precluding
discontinuities in the reconstruction operator. This necessitates a suitable parameter-
ization of the learned regularizer. One such option is given by input convex neural
networks for imposing convexity [4] on gz. Given a so-constructed (ACR) gz that is
convex in x, we then consider a similar regularization functional of the form

g(x) = gg(x) + € lIx%, (18)

where g5 : X — R is the trained (ACR) which we assume to be 1-Lipschitz and
convex in x. The corresponding variational regularization problem then consists in
minimizing

FO Ax) + rg(x), (19)

with respect to x € X. In this setting, we get the following set of improved theoretical
guarantees for the ACR, by following standard arguments in variational calculus for
the proofs.

Theorem 1 (Properties of Adversarial Convex Regularizer [32])

i. Existence and uniqueness: The functional in (19) is strongly convex in x and has
a unique minimizer X (y) for every y € Y and A > 0.
ii. Stability: The optimal solution X, (y) is continuous in y.
iii. Convergence: For§ — 0and A(8) — 0 such that @ — 0, we have that X3, (y‘s)
converges to the g-minimizing solution x' given in (9).

Theoretical guarantees notwithstanding, the numerical experiments in [32] (especially,
for sparse-view CT reconstruction) indicate a lack of expressive power of ACRs as
compared to their non-convex counterpart AR. This underscores the need to develop
techniques that achieve a better compromise between empirical performance and the-
oretical certificates.

1 1-Lipschitz continuity is approximately enforced by the gradient penalty term in (16), which does not

guarantee, however, that the (AR) is Lipschitz continuous. This property can be enforced by choosing the

right network architecture. Indeed, all convolutional neural networks with ReLU activations are Lipschitz
continuous for some Lipschitz constant L, which might be arbitrarily large.

FolCT
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2.2.4 The Network Tikhonov (NETT) Approach

Traditionally, regularizers are often chosen as sparsifying transforms with respect to
certain features. For instance, total variation (TV) is sparsifying for piecewise con-
stant functions. Similarly, neural networks are often trained in an encoder-decoder
(autoencoder) structure, where the encoder is trained to represent the input signal in a
low-dimensional space or to find a more efficient, i.e., a sparse structure. The approach
proposed as Network Tikhonov (NETT) in [28] follows this paradigm to learn a reg-
ularizer. Here, a pretrained network & : X — & is composed with a regularization
functional g: E — [0, +o¢], such that g 0 & : X — [0, +00] takes small values for
desired model parameters and penalizes (by producing larger values for) model param-
eters with artifacts or other unwanted structures. The deep neural network & in this
approach is allowed to be a rather general architecture, such as the above-mentioned
autoencoder. Once trained, the reconstruction is then given as the minimizer of the
variational objective

Jo(x) := f(3°, Ax) + 2g(Ep (x)). (20)

Indeed, the NETT approach also provides a provably convergent regularization method
under certain analytic conditions on (20), such as weak lower semi-continuity and
coercivity of the regularizer g(&y(-)), which can be achieved as follows. First, the
usual ReLU activation function is replaced by leaky ReL.U defined with a small ¢ > 0
as

fReLU;(s) := max(ts, s),

which tends to —oo for s — —o0. In combination with the affine linear maps (weight
matrices) in &y, this yields a coercive and weakly lower semi-continuous regularization
function go&y for standard choices of g, such as weighted £ ,-norms g(§) = > _; v ||,
with uniformly positive weights v; and p > 1. Finally, we note that strong convergence
can be achieved by introducing the novel concept of absolute Bregman distances and
imposing stronger conditions on the regularizer.

3 Regularization by Plug-and-Play (PnP) Denoising

Denoising is the simplest and arguably the most well-studied inverse problem in imag-
ing, with numerous algorithms developed over the past few decades, particularly for
removing additive white Gaussian noise from images. It is, therefore, natural to ask if
one can leverage off-the-shelf denoisers for solving more complicated image recovery
tasks with a non-trivial forward operator. Venkatakrishnan et al. [49] pioneered the idea
of using denoisers within proximal splitting algorithms (e.g., the alternating directions
method of multipliers (ADMM) algorithm) in a plug-and-play (PnP) fashion, and the
resulting class of algorithms came to be known as the PnP denoising approach. To see
the motivation behind using denoisers in place of proximal operators, let us recall the
definition of the proximal operator with respect to a (potentially non-smooth) convex
EIO [y
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functional g : X — R U {+o0} and a step-size t > O:
! 2
prox, ,(x) = argmin §||x —ull” 4+t g). 21
u

As indicated by (21), evaluating the proximal operator amounts to denoising a noisy
image x using the Bayesian maximum a-posteriori probability (MAP) estimation
framework with a Gibbs prior proportional to exp (—t g(u)). This denoising inter-
pretation of proximal operators underlies the foundation of PnP approaches, which
have been shown to produce excellent reconstruction results for a wide range of imag-
ing inverse problems. A classic and widely popular example of PnP denoising would
be to consider it in conjunction with forward-backward splitting (FBS), leading to the
following iterative reconstruction algorithm:

Xkl = Do (xf — i V f(x1)) . (22)

Here, f denotes the data fidelity loss for the underlying inverse problem, n; > 0 is
the step-size at iteration k, and D, is a denoiser that eliminates Gaussian noise of
standard deviation ¢ from its input.

Besides the PnP denoising framework within proximal methods, wherein a denoiser
implicitly acts as a regularizer, Romano et al. [38] proposed an alternative approach
to explicitly construct a regularizer as

1t
glx) = 7% (x — Dg(x)), (23)

while utilizing a denoiser D, (x). One can then seek to minimize the energy func-
tional f(x) + A g(x), where g is as defined in (23), leading to fixed-point iterative
schemes known as the regularization-by-denoising (RED) algorithms. Nevertheless, it
was shown subsequently by Schniter et al. [37] that the energy minimization interpreta-
tion of the RED algorithms is valid only when (i) the denoiser is locally homogeneous,
i.e., Dy (1 + €)x) = (14¢€) Dy (x) holds for all x with sufficiently small €, and (ii) the
Jacobian of D, is symmetric. These conditions are generally not satisfied by generic
denoisers, thereby invalidating the energy minimization-based interpretation of RED.
Instead, the authors of [37] developed a new framework called score-matching to
analyze the convergence of RED algorithms.

In spite of their empirical success, PnP denoising algorithms such as (22) do not
immediately inherit the convergence properties of the corresponding optimization
scheme (in this specific instance, FBS). Studying the convergence of PnP denoising
has received a significant amount of attention in the mathematical imaging community
in recent years. Arguably, the most natural form of convergence for PnP algorithms of
the form (22) is the stability of the iterations, i.e., to ascertain whether the sequence
of iterates x; generated by a PnP algorithm converges. Such convergence guaran-
tees are typically derived from fixed point theorems, which require showing that the
PnP iterations are contractive maps [10, 41]. For instance, [41] established the fixed-
point convergence of PnP-ADMM (i.e., PnP with the alternating direction method of

Elol:';”
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multipliers algorithm) under the assumption of Lipschitz continuity of the operator
(Ds — id). The specific result is stated in Theorem 2.

Theorem 2 (Fixed-point convergence of PnP-ADMM [41]) Consider the PnP-ADMM
algorithm, given by

xk+% = prox, s (zk) s Xk+1 = Do (2xk+% — zk) , and

bl = T+ Xl = Xy 1 24)

where the data-fidelity loss f is assumed to be -strongly convex. One can equivalently
express (24) as the fixed-point iteration zx+1 = 7T (zx), where

L.
—i
2

1 ) .
7 =—-id —}—5 2D, —id) (2 prox; r — 1d) . (25)

Suppose, the denoiser satisfies
[(Ds —id) (u) — (Dg —1d) (V)2 < € |lu — vll2, (26)

for all u,v € X and some € > 0, and the strong convexity parameter [ is such
€
that ———————— < T holds, the operator T is contractive and the PnP-ADMM
(1+e—-2Hu
algorithm is fixed-point convergent. That is, (X, 2x) = (Xoo, Zoo), Where (Xoo, Zoo)

satisfy
Xoo = PIOX; ¢ (Zoo) and xoo = Dy 2X00 — Z0) - 27

As noted in [41], fixed-point convergence of PnP-ADMM follows from monotone oper-
atortheoryif (2D, — id) is non-expansive, but (26) imposes a less restrictive condition
on the denoiser.

While fixed-point convergence ensures that the PnP iterations are stable, the spe-
cific fixed point to which they converge does not automatically minimize a variational
energy function. To bridge the gap between classical variational approaches and PnP
methods, it is important to derive conditions under which the limit point of PnP iter-
ations can be characterized as the minimizer (or, at least a stationary point) of some
regularized variational objective (which, of course, depends on the denoiser). This type
of convergence is referred to as objective convergence and is stronger than fixed-point
convergence.

Objective convergence of PnP with classical (pseudo) linear denoisers (e.g., non-
local means denoiser) has been established in [34]. Hurault et al. [22] showed that PnP
with a denoiser constructed as a gradient field (referred to as gradient-step (GS) denois-
ers) converges to a stationary point of a (possibly non-convex) variational objective
(c.f. Theorem 3). The construction of GS denoisers is motivated by Tweedie’s identity:
the optimal minimum mean-squared error (MMSE) Gaussian denoiser is given by

Di(x):=E[x|x=x]=x+ 0% Vlog po (x). (28)
FolCTM
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Here, x = Xo + o z, where z ~ N(0, id), is the Gaussian noise (with variance 02)
corrupted version of the clean image xo € X € R? and

1 llx — xol13
Po(x) = W/GXP ~ Tz | P(o) dxo. (29)
ToO~“)?2

Indeed, the optimal Gaussian denoiser is of the form D} (x) = x — V g¥(x), where
gx is the negative log of the smoothed distribution p, defined in (29), which has a
structure identical to that of a GS denoiser.

Theorem 3 (Objective convergence of PnP iterations with gradient-step (GS) denois-
ers [22]) Suppose, the denoiser is constructed as a gradient-step (GS) denoiser, i.e.,
D, = id —Vg,, where g, is proper, lower semi-continuous, and differentiable with
an L-Lipschitz gradient. The PnP algorithm proposed in [22] is given by

X1 = Prox; r (xx — T A Vgo (xx))
= prox; s o (tA Dy + (1 — 74 id)) (xz), 30)

where f: X — R U {400} denotes data-fidelity and is assumed to be convex and
1

lower semi-continuous. Then, the following guarantees hold for v < 371

1. The sequence F(xi), where F = f + A go, is non-increasing and convergent.

2. lIxk+1 — xkll, = O, which indicates that iterations are stable, in the sense that
they do not diverge if one iterates indefinitely.

3. All limit points of {xi} are stationary points of F (x).

Notably, the PnP iteration defined by (30) is exactly equivalent to proximal gradient
descent on f + X\ g5, with a potentially non-convex g..

While objective convergence ensures a one-to-one connection between PnP iterates
with the minimization of a variational objective, it does not provide any guarantees
about the regularizing properties of the solution that the iterates converge to. In the same
spirit as classical regularization theory, it is therefore desirable to be able to control
the implicit regularization effected by the denoiser in PnP algorithms and analyze the
asymptotic behavior of the PnP reconstruction as the noise level and the regularization
strength tend to vanish. More precisely, assuming that the PnP iterations converge to
a solution x (y‘s, o, A), where o is a parameter associated with the denoiser and A is
an explicit regularization penalty, one would like to obtain appropriate selection rules
for o and/or A such that X ( y%, o, A) exhibits convergence akin to (9) in the limit as
8 — 0. To the best of our knowledge, some progress in this direction was first made
in [15], and the precise convergence result is stated in Theorem 4.

Theorem 4 (Convergent plug-and-play (PnP) regularization [15]) Consider the PnP-
FBS iterates of the form

) § ) $
Xt = D (x5 = n AT (Axy = %)), GD
FoCT
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where D), is a denoiser with a tuneable regularization parameter \. Let PnP (A, y‘s)
be the fixed point of the PnP iteration (31). For any y € range(A) and any sequence
S > 0 of noise levels converging to 0, there exists a sequence Ay of regularization
parameters converging to 0 such that for all y with ||yx — y°|l2 < 8, the following
hold under appropriate assumptions on the denoiser (see Definition 3.1 in [15] for
details):

1. PnP (X, y‘g) is continuous in y® for any » > 0;

2. The sequence (PnP (Mk, yk))ren has a weakly convergent subsequence; and

3. The limit of every weakly convergent subsequence of (PnP (Ax, y))ren is a solution
of the operator equation y0 = Ax.

The resultin [15], although the first of its kind, suffers from two main shortcomings: (i)
the stability and convergence theory in [15] is based on fairly restrictive assumptions
on the denoiser. In particular, the denoiser needs to be contractive, which is not satisfied
by most practical denoisers, especially denoisers modeled using deep CNNs. (ii) It
is not apriori clear how to select the denoiser parameter A to control the strength of
regularization corresponding to different noise levels. In this paper, we address the
latter issue by considering linear denoisers, which are simple yet lead to competitive
PnP algorithms [34]. Further, we show in Sect. 4 that the well-known idea of denoiser
scaling [50] does not work for linear denoisers, which also underscores the need for
devising an effective strategy to control the regularization of linear denoisers.

However, let us first discuss a more ambitious question here: Are PnP approaches
with more general and expressive denoisers also convergent regularization methods,
while offering a straightforward approach to control the regularization strength? This
question is perhaps more tractable if one can associate the PnP solution (after con-
vergence) with the minimizer of an underlying variational objective. We, therefore,
first consider gradient-step denoisers, for which it is possible to establish such a con-
nection (see Theorem 3). Treating A in (30) as an explicit regularization parameter
while using a fixed, pre-trained denoiser, one can interpret the converged PnP solution
as a minimizer of f + A g,, where A is varied depending on the noise level § in the
measurement data and o is kept fixed. The numerical results for image deblurring in
Fig.2 seem to indicate that gradient-step PnP is indeed a convergent regularization
scheme, while the classical theory only guarantees stability akin to what is shown in
[29] subject to g, being coercive and bounded below. In addition, the role of ¢ as
an implicit regularization parameter is not exploited, and it is kept unchanged in our
experiments regardless of the noise level in the measurement. This, in part, is due
to the fact that the behavior of g, w.r.t. o is non-trivial to characterize in a precise
manner, leading to difficulties in tuning o based on §. Therefore, in order to rigorously
establish convergence, together with developing a principled approach to control the
regularization strength arising from the denoiser, we focus our attention on PnP with
linear denoisers in the next section.
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(a) noise level vs. distance from the gy-minimizing solution z.

(h) & (y?°),00 = 0.1% (i) zt,00 =0 (j) ground-truth

Fig. 2 PnP gradient-step DRUNet denoiser as a convergent regularization method for image deblurring.
The PnP scheme for reconstruction minimizes variational energy of the form f + X g5, where f is the
fidelity and g, is the regularizer induced by a pre-trained denoiser. Plot a quantitatively demonstrates
the convergence of the reconstructions as the noise level decreases. The input blurry image is given by
y%0 = Ax + w, where A is a Gaussian blur kernel and w is additive Gaussian noise with variance og.
The images from b to i are the deblurred images X (y"O) corresponding to the noise level oq (expressed as
the % of maximum pixel value 255.0 in the ground truth), while image j is the ground truth image. The
regularization parameter is selected as A = ¢ o + €, where the constant ¢ = 0.04 and € = 1074 FoCM
° o
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4 Controlling the Regularization Strength in PnP

A fundamental question that arises when applying learned denoisers for solving inverse
problems using PnP concerns itself with how to adjust the regularization strength that
is applied. Indeed, learned denoisers are typically trained at a fixed noise level, whereas
their practical application to inverse problems in a PnP framework and the theoretical
notion of convergent regularization both require one to have certain control over the
regularization strength.

An approach that has been shown to be beneficial in practice is the denoiser scaling
approach [50]: given a denoiser D, (designed for denoising at a given noise level
o), we introduce an extra scaling parameter @ > 0, and define the scaled denoisers
{ D, o, }a >0 as

Dyo(x) = éDa (ax). (32)

This choice of scaling is motivated by the fact that if / : X — R U {oo} is 1-
homogeneous (i.e., J(t u) = tJ(u), for T > 0) and its proximal operator is well-
defined, we have

1
prox, ; (x) = argmin §||x — y||2 +tJ(y)
y

arg min

rZHx y
y 2

———Hz-i-TJ(y)
T T

o 1gx 2
targmm—H——uH + J(u)
u 210t

x
T Prox; (—)
T

In other words, if D, = prox, then Ds o = prox; Ja- Let us note that the choice of
this particular scaling, while natural (norms and seminorms are 1-homogeneous, for
example), is somewhat arbitrary. Indeed, suppose that J is instead c-homogeneous for
some ¢ > 0,i.e., J(8u) = §°J(u) for any u and § > 0. We have, with § > 0 arbitrary,

1
prox, ;(x) = arg min 5||x - y||2 +J(y)
y

=argminﬁH£—X‘2+rJ(y)

y 2108 6
=8argm1an)—C—u 2+lJ(5u)
u 218 82
:(Sargmian)—c—u 2~|-LJ(M).
u 2108 §2-¢
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Choosing § = tﬁ, we find that

prox, ;(x) = ri proxj(tix), (33)

which agrees with the result for 1-homogeneous functionals and generalizes it, except
for 2-homogeneous functionals where the above derivation does not work. In fact, this
leads nicely into a setting where no form of denoiser scaling as in Eq. (33) can possibly
be used to control the regularization strength to give a convergent regularization: for
linear denoisers, the multiplicative factor inside the denoiser can be pulled out and
canceled against the factor outside of it.

4.1 Controlling the Regularization Strength of a Linear Denoiser

Let us consider the setting in which we have a linear denoiser D, : X — X.If we are
to interpret it as a proximal operator of some underlying functional, we must assume
that it is a symmetric, positive semi-definite (p.s.d.) operator, and if we assume that the
underlying functional is convex as well, then D, must be non-expansive in addition.
These properties are direct consequences of the characterization of proximal operators
given in [31] and generalized (to potentially non-convex functionals) in [19]. Let us
restrict to the case where D, is non-expansive, bypassing the potential difficulties of
non-convexity of the underlying variational problem. In fact, we will assume that D,
is contractive, i.e. || Dy || < 1, which as we will see later corresponds to assuming that
the underlying regularization functional is coercive. Furthermore, we will assume that
D, is bounded from below, i.e. | Dy (x)|| > c]||x]| for some ¢ > 0, so that D;l exists
and is a bounded operator.

Remark 1 In practice, the assumption of symmetry can be relaxed somewhat by taking
a different perspective: in [18] it is shown in finite dimensions that any denoiser which
is similar to a symmetric p.s.d. matrix is admissible in PnP applications. Indeed, in
this case we can find a modified inner product, with respect to which the denoiser is
a proximal operator.

Note that the assumptions that we make are ideally suited to the application of the
spectral theory of bounded linear operators on Hilbert spaces. Recall that the spectrum
of a bounded linear operator A : X — X, spec(A), is defined as the set of A € C such
that A — X id is not boundedly invertible. For bounded and symmetric operators A (such
as the ones we consider) spec(A) is a compact subset of R, and we have a spectral
theorem that enables the use of the continuous functional calculus. This is crucial in
what follows as it allows us to apply a spectral filtering operation to denoisers to control
their regularization strength, by adjusting the weights of the spectral components of
the denoiser. We recommend that readers who are interested in studying these topics
in more detail consult the textbook [46, Chapter 5].

Let us study the characterization of proximal operators in more detail for the linear
denoiser D, . The goal is to understand the underlying functional J : X — R such
that D, = prox ;. Note first that it is immediate from the definition (Eq. 21) that we

Elol:';”
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can only hope to recover J up to an additive constant. We have
D, = prox; = (id+3J)"",

with 0 being the subdifferential. On the other hand, since Dy, is linear, D !islinear, and
by the equation above dJ =: W is also linear. As a result of this we have the following,
up to an additive constant: J(x) = % (x, Wx). Furthermore, inverting the equation
above and rearranging, we find that W = D ' _id. Hence, up to an irrelevant additive
constant, we find that the underlying regularization functional J corresponding to Dy
is given by

J(x) = %(x, (D' —id)x). (34)

The most common way of controlling the regularization strength, when we have access
to the underlying regularization functional J, is to simply scale it: introduce a param-
eter T > 0 and consider prox. ;. If we apply this to Eq. (34), we obtain

tJ(x) = = (x, ([t D;' = (r — 1)id] — id)x),

| =

which suggests, by following the above reasoning in reverse, that
prox,; = (tD; ! — (zt — 1)id) ! = hy(Dy). (35)

Here h; : R — R, given by h;(A) = A/(r — A(tr — 1)) is applied to D, using
the functional calculus. The takeaway message of the preceding derivation is that we
can perform a spectral filtering operation on the linear denoiser D, to control its
regularization strength. In fact, more general filter functions /. than the one seen here
can be used, as we will see in what follows.

Remark 2 1t is worth contrasting the spectral filtering approach proposed here with
well-established spectral filtering approaches to regularization of linear, ill-posed,
inverse problems [16]: whereas the traditional approaches operate on the forward
operator to enact a regularization effect, we operate on the denoiser (agnostic about
the forward operator to which the denoiser will be applied) to control its regularization
strength.

To get a better understanding of what the spectral filtering operation does to a
denoiser, consider Fig.3. This will help us get an idea of what we should ask of
generalized filter functions, i.e. filter functions that do not just implement a scaling of
the underlying regularization functional: as t — 0, the effect of the denoiser should
vanish at an appropriate rate.

Elol:;ﬂ
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The effect of spectral filtering on denoiser eigenvalues
1.0
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Fig.3 The effect of filtering the denoiser as in (35). In accordance with intuition, the spectrum is flattened
as T — 0: as the regularization strength vanishes, the effect of the denoiser should vanish too

4.2 Convergent Regularization Through Generalized Spectral Filtering of Linear
Denoisers

In the previous section, we saw that there is a way in which we can spectrally filter a
linear denoiser to effectively scale the underlying regularization functional. Now, we
will generalize the conditions on the spectral filter and show that this spectral filtering
of linear denoisers allows us to obtain a convergent regularization of linear, ill-posed,
inverse problems.

Equation (34) tells us that a linear denoiser is related to an underlying regularization
functional J as follows: we have D, = prox;, where

J(x) = %(x, (D! —id)x).

Furthermore, we have seen the effect of scaling the regularization functional on the
corresponding proximal operator. We can generalize this idea and look at

Jo(x) == %(x, (he(Dg)™" —id)x),
where {h; : R — R};¢(0,00) is a family of spectral filters that we can apply to D, using
the continuous functional calculus. Let us now derive conditions on the spectral filters
h. such that this gives a convergent regularization. For one, since we are assuming
that D, is bounded from below and contractive, we have that spec(D,) C (0, 1),
and the same considerations that led to these assumptions then lead to us asking that
h(spec(Dy)) C (0, 1) foreach t > 0.

Since we would like to think of J; as somewhat similar to 7J, we ask the question

whether the limit

1 1 1
J*(x) = lim —J = lim — (x, hr (Do)~ 'x) — —|Ix||?
(x) lim r(x) Lim —— (x, hr (Dg)™ x) e llxl
Eol:;ﬂ
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exists and is sufficiently well-behaved. Indeed, if this limit is well-defined, a natural
result to aim for would be that we have convergence to a J*-minimizing least-squares
solution to the inverse problem with appropriate choices of T — 0 as § — 0.

Remark 3 In Theorem 5, as above, we will assume that the denoiser is contractive,
which by (34) implies that the corresponding regularization functional is coercive.
We may be able to relax this assumption, by requiring that the kernel of the forward
operator is compatible with the denoiser in the sense that the objective function in (36)
is coercive.

Theorem 5 Suppose that D, : X — X is a bounded, linear, self-adjoint operator,
which is interpreted as a denoiser. Furthermore, assume that D is positive definite,
bounded from below, and contractive (so that spec(Dy) C (0, 1)). Suppose in addition
that we have a bounded, linear forward operator A : X — Y (assuming w.lo.g. that

Al = 1), andthat {h; : R — R};¢(0,00) is a collection of continuous scalar functions
satisfying
A.l

hr(spec(Dy)) C (0,1) foranyt >0,

A2

1—h:() .
r¢(A) ;= —————— converges uniformly for . € spec (Ds)as T — 0,
The ()
with limit r* and rate ||r; — r*|| oo spec(Dy)) = 0(T),
A3
c:= inf r:(A) >0, ¢:= sup re (1) < oo.

>0, espec(Dy) >0, espec(Dy)

In this setting, let us define (using the continuous functional calculus to apply scalar
Sfunctions to D)

Je(x) = %(x, (he(Dg)~" —id)x) = =(x, ¢ (Dg)x).

[NSRI

We can compute the solution to the variational problem

. !
£ = argmin ~ || Ax — y[|* + J; (x) (36)
xeX 2
using PnP-FBS:
£= lim x¢, where xpq1 = he(Do)(xk — AT (Axg — ¥)). (37)

k—o00

By A.2 we can define J*(x) = lim;_.o J; (x)/t. Now, we obtain a convergent reg-

ularization when the regularization parameter t° is chosen appropriately: suppose
Elol:;ﬂ
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that T® ~ 8. Assume that we have an underlying image x* € X, clean measurements
y = Ax*, {y%)s=0 is a sequence in Y satisfying ||y® — y| < 8, and

A, 8 8 . 1 812
x(y°, %) = argmin = || Ax — y°[|” + Jps (x).
xeX 2

Then (¥, ©%) — x%, where

xf = arg min J*(x)
xeXs.t. AT (Ax—y)=0

is the J*-minimizing least squares solution to the inverse problem Ax = y.

Proof First note that under the assumptions of the theorem, PnP-FBS as described
in (37) is a contractive fixed-point iteration (so that it has a unique fixed point to which
it converges) for any t and y, with fixed points satisfying the optimality condition of
the variational problem in (36).

By A.3, we can define J(x) = inf; J;(x)/t and Jx) = sup, Jr(x)/7, so that

Jr(x)
T

<T(x) < =|lx|I*. (38)

[\ NI

C 2
EIIXII <Jx) =<

Taking limits, this also gives us that

c 2 * ¢ 2
2||JC|| =J'(x) = 2||)C||

The above bounds tell us that the J*-minimizing least squares solution to the inverse
problem is unique, since it is defined by the minimization of a strongly convex func-
tional on a closed linear subspace of X.

We have clean measurements y = Ax*, a set of y® such that ||y — y°|| < § and a
parameter choice rule § > t° satisfying t® ~ § as T — 0. We are considering the
corresponding set of reconstructions

A 1
£(y%, 7%) = argmin §||Ax 12+ Jos(x).

xeX

By the remarks above, we can compute these reconstructions using (37). For the sake
of the proof, let us also define the variational reconstruction operators with a static
regularization functional J*, as follows

. 1
Fsaic(y, T) := argmin = | Ax — YI2 + T (x). (39)
xeX

This static regularization approach, with the parameter choice that we are using, is
a convergent regularization by the existing theory (this is guaranteed, for example,
Elol:;ﬂ
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by the general result in [42, Proposition 3.32]): Xstatic (y‘s, 1‘3) — xT with x the J*-
minimizing least squares solution to the inverse problem. Furthermore, the triangle
inequality gives us that

1%, 20 = xTI < 120, 1) — Rstaie 0%, T+ Ixstatic 0, 78 — xTII, - (40)
so it suffices to show that
1£(y°, %) — Ratatie (¢°, 7)1 — 0 as § — 0.
We can write
F0. ) =[ATA+1r (D) AT
and
Rstatic(V, T) = [ATA + tr* (D)1 ATy,

so we just need to show that ||Mr_ Mr_smcn — 0ast — 0 (since % ~ §), where

M;=ATA+1r, (D) and M7 static = ATA + tr*(D). We have

M7= M e = [Mesaiic + T(re (Do) — r*(De )™ — M|

T,static

[[1d+rMT L (re(Dy) — (D)) 1d]M ! (41)

T,static*

We will expand the inner matrix inversion using a Neumann series. Note first (by A.3)
that M gatic 1s bounded from below: || M saticX || > cTl|x||. As aresult, | M
1/(ct) and we can estimate

T, Sta[lC ” —_

ITM; e e (Do) — r* (Do) |

IA

1
T—|r: (D) — r* (Do)l
cT

_ llre — r*||L00(spec(Dg)) ) (42)
C

Since A.2 tells us that [|[r; — r*|| L (spec(D,)) — 0 as T — 0, this must be smaller than
1 for sufficiently small 7, which is a sufficient condition for absolute convergence of
the Neumann series. Using this and (41), we see that

-1 _ —
m; mam—[Z[ M e e (Do) = " (D)I" = id | M e

I:Z[ TMt Statlc(rt (Dg) = r*(Do )" ]Mr_sltatlc
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Finally, we can simply estimate its norm from this as follows, using (42) and the fact
1M el < 1/(co):

T,static
o0
||M—1 —M] I <Z(””t _r*”Lm(speC(Da)))”i
T T,static!l —
n=1 ¢ cr
_ e = r*|| Lo (spec(Dy ) 1 1
c 1 — Iz =r* |l Loo (spec(Dy )) cT
c
1 lre =¥l Loo(spec(Dy))

T —cllre — r*|lLos(spec(Dy))

Since we have assumed that [|r; — 7*|| Loc(spec(D,)) = 0(T) as T — 0, we find by the
above reasoning that ||£(y%, %) — Zsaic(y°, T%)| — 0. Recalling the inequality in
(40) lets us conclude that the spectral filtering approach is a convergent regularization.

O

Example 1 Consider the case previously considered in (34) and (35), corresponding
toh:(A) = A/(z(1 —A) + A). We have

1—he:()  1—-2
thy(}) A

re(A) =

In particular, the assumptions A.3, A.2 and A.1 are trivially satisfied: we have h; (1) <
AforA > 0,r* =r; forall T > 0 and

1 — Amax (D,
inf re(A) = 1= Amex(Ba)
7>0,respec(Dy) Amax (De)
and
1 — Amin (D,
sup re(h) = min (Do)
>0, espec(Dy) Amin (Do)

This should come as no surprise, since by the previous discussion, this choice of
spectral filtering simply corresponds to the static regularization approach used in the
proof of Theorem 5, for which classical theory establishes its convergence properties.

4.3 Experiments

In this section, we will demonstrate the use of the spectral filtering approach to control
the regularization strength of a learned denoiser, when applied to an inverse problem
using PnP-FBS, showing that it in fact gives rise to a practically convergent regulariza-
tion method. Since the spectral filtering approach was developed for linear denoisers,
we first need to decide on a reasonable design for a linear learnable denoiser.
In this work, we will modify the U-net architecture [39], which continues to be used
with great success in image-to-image tasks, and combines a downscaling and upscaling
EIO oy
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Fig.4 Comparing the denoising performance of a non-linear U-net (D¢ 51) with a linear, symmetric U-net
(D) based on the same architecture. Here x™* is a ground truth image and y is the same image, corrupted
by Gaussian noise. These images are generated in the same way as the training data was generated. In
contrast t0 Dy y1, Dg,) struggles to reconstruct sharp edges as it does not contain any non-linearity. On
the other hand, both denoisers significantly improve the signal-to-noise ratio: y has a PSNR of 24.3 dB,
Dy n1(y) has a PSNR of 34.0 dB and D (y) has a PSNR of 27.8 dB

path (as in an autoencoder) with skip connections that connect the corresponding scales
before and after the bottleneck. The key insight for us is that the U-net architecture
is symmetric, in the following sense: if the downscaling and upscaling operations are
linear and each other’s transposes, and the activation functions and biases are omitted,
the U-net is linear and its transpose is a U-net of the same shape (which can be thought
of as running the original U-net in reverse). In particular, it is straightforward to see
that we can obtain a symmetric linear U-net in this way by tying weights between
the downscaling and upscaling paths. Alternatively, and perhaps more simply, we can
take the average of a linear U-net and its transpose to get a symmetric linear denoiser.
This is the approach that we will take in the experiments considered in this section,
since we can leverage the power of JAX [8] to do so: given a linear U-net, we can
efficiently compute its vector-Jacobian products to get its transpose. Figure4 shows
a comparison of the denoising performance (in the same setting as the one we will
consider for the application to inverse problems below) of such a linear U-net with a
comparable non-linear U-net. By this, we mean that the networks have the same sizes
and the same number of trainable parameters. While the non-linear U-net allows for
better reconstructions, most notably in terms of sharpness, both denoisers remove a
significant part of the noise in the noisy images. In what follows, we will use the linear
U-net Dy 1 and simply call it Dy

The experiment that we will consider is concerned with the inverse problem of
image reconstruction in computed tomography (CT). We will consider images of size
64 x 64, consisting of randomly generated ellipse phantoms as in Fig. 6, and simulate
CT measurements (sinograms) using the ASTRA toolbox [47, 48] with a parallel beam
geometry with 150 equispaced views. A linear U-net is trained as a denoiser on ellipse
phantoms corrupted with Gaussian white noise, after which we apply the denoiser in
a PnP-FBS manner: denoting the forward operator, which maps images u to (clean)
sinograms y by A, the noisy measurements y® and the trained denoiser by D, we
iterate

X1 = he (Do) — nAT (Axg —y%)), 2%, 1) = lim x;
k—o00

FoC'T
e,
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Convergent regularisation by spectral filtering

1072 4
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Fig.5 Applying the spectral filtering approach, we observe convergent regularization in practice. Here xF
is the J*-minimizing solution to the noiseless least-squares problem as in Theorem 35

where 7 is a step size, satisfying n < 2/||A||?, so that the limit is well-defined. Here,
we simply use the spectral filters i, corresponding to scaling the underlying regular-
ization functional as seen in Eq. (35). Considering the size of the images used in this
experiment, it is still feasible to implement Eq. (35) by computing a full eigendecom-
position of the trained denoiser and applying the filter to the found eigenvalues. An
alternative approach that could be used since % is analytic, is to compute a power
series expansion. This has the advantage that it requires only repeated applications of
the denoiser, i.e. it is not necessary to compute and store an eigenbasis, and the power
series can be truncated to give an approximate result.

In order to verify that the proposed spectral filtering provides a convergent regular-
ization we consider a sequence of noisy measurements {y®}s-o such that ||y’ — y|| < §
and a corresponding step size 7° o 8, satisfying the conditions of Theorem 5. The refer-
ence x " is the J*-minimizing solution that was computed from noiseless measurement
data with high accuracy. In Figs.5 and 6 we show that the spectral filtering approach
indeed leads to a numerically verifiable convergent regularization, as predicted by
Theorem 5. In comparison to reconstructions obtained with filtered backprojection
(FBP) we can observe a successful noise suppression for high noise cases, while the
J*-minimizing solution lacks some sharpness. This suggests the limitations of the
linear denoiser in comparison to non-linear networks.

5 Conclusions

The question if a reconstruction algorithm provides a convergent regularization has
been long studied in inverse problems, as it provides more than just the knowledge that
a solution can be computed at a certain noise level. It tells us that stable solutions exist
for all noise realizations and even more importantly that in the limit case, when noise
vanishes, we obtain a solution of the underlying operator equation. In other words,
EIO oy
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Increasing 0

Fig.6 Applying the spectral filtering approach, we observe convergent regularization in practice. We show
a selection of snapshots corresponding to the plot in Fig.5. Note that x* (the underlying ground truth) is
distinct from x since the forward operator has a non-trivial kernel

we can guarantee mathematically that obtained solutions are indeed solutions to the
inverse problem.

This is in contrast to some novel data-driven approaches where we may only guaran-
tee that obtained solutions are minimizers of the empirical loss, given suitable training
data. Consequently, the concept of convergent data-driven reconstructions has gained
considerable interest very recently, see for instance [33]. Here, PnP approaches take a

Elo [y
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special role due to their straightforward connection to convex optimization [25] and the
possibility to incorporate learned denoisers given by non-linear neural networks. But
despite considerable advances in establishing convergence notions, i.e., fixed-point
and objective convergence, the question of convergent regularization is still open for
general non-linear denoisers.

In this work, we presented a step forward for learned linear denoisers using the
novel concept of spectral filtering of the denoiser. The presented approach allows to
establish a provably convergent regularization in the PnP framework. Additionally,
this convergence is demonstrated numerically on the inverse problem of CT image
reconstruction. As established in Theorem 5, there is some freedom in the choice of
filters to apply to the denoiser. In future work, this choice could be studied in more
detail. In this direction, it is of particular interest to choose spectral filters that are not
too computationally costly to evaluate but still give a way to tune the regularization
strength of the denoiser. Indeed, in the present implementation of the method, after
training, the denoiser is instantiated as a matrix, the eigen-decomposition of which
is computed to apply the spectral filtering. By considering spectral filters given by
polynomials, for example, we would circumvent the need to instantiate the denoiser
as a matrix and compute a full eigen-decomposition. Besides this, it would be of great
interest to study whether there is any reasonable generalization of the denoiser filtering
approach to the setting in which the denoiser is non-linear.

In fact, we have observed similar convergence behavior numerically even when
using a non-linear denoiser in the PnP gradient-step framework (see Fig. 2), suggesting
a promising direction for proving that PnP with realistic assumptions on the denoiser
can give rise to convergent regularization. The gradient-step framework is, however,
just one way of controlling the regularization strength of the learned denoiser. In
particular, it relies on flipping the usual splitting of the variational objective and, as a
result, requires repeated evaluation of the proximal operator of the data term. This may
be very computationally costly if the forward operator is expensive to evaluate. As a
result, it is still of great interest to study other ways of controlling the regularization
strength of a realistic learned denoiser in PnP that will result in provably convergent
regularization.
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